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CHAPTER 1 


INTOODUCTION 

Several methods of synthesis of RC active networks have been reported 
in the literature. These fall in three main categories. 

a) Negative impedance converter (NIC) methods 

b) High gain ideal amplifier methods 

c) Non-ideal active device methods 

All methods require the selection of certain parameters (the roots 
of an auxiliary jjolynomlal or residues at poles). There will be restrictions 
on these parameters introduced by realizability requirements. In aiddition^ 
other restrictions may arise if the parameters are to be chosen to minimize 
the sensitivity of a property of the realization to changes in component 
values, in particular to variations in an active device i)araraeter like 
the conversion ratio of the NIC. The selected proi)erty of the realization 
whose sensitivity is to be minimized may be the poles or zeros of the realized 
transfer function or the coefficients of the corresponding polynomials, 
or the transf'-r function Itself as a function of frequency. 

Horowitz^ has given a method for the decomposition of the denominator 
of a transfer impedance in order to yield minimum sensitivity of the cascade 
NIC realization of Llnville to variations In the NIC conversion ratio. In 
this case the sensitivity of the poles, the coefficients of the denominator 

and the frequency response are all three simultaneously minimized. 

2 

More recently Callahan has given the minimum sensitivity conditions 

X k 

for a realization technique due to Horowitz^' to variations of a peuameter 
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similar to the conversion ratio of an NIC. Hovever, the realization technique 
under discussion does not use an NIC and the introduction of an artificial 
parameter with resi>ect to whose variations the sensitivity is minimized 
does not insure optimization with respect to the actual device parameter 
which is varying. 

5 ^ 

In this report two previously reported ' realization techxiiques will 
he considered. In hoth of these the active device is characterized by all 
(fow) of its two-i>ort parameters rather than a single one. niU8> the 
realizations utilize actual devices which enre either single stage or multi¬ 
stage transistor amplifiers. Ihe questions to be considered, in addition 
to realizability, are 

1. How should arbitrary peurameters in the realization procedure 
be chosen to minimize sensitivity of the transfer function or 
the poles to variations in the most variable parameter of the 
active device? 

2. Vfhat limitations exist for realization by means of a single 
transistor? 

Ihe active devices that are used in the realizations consist of one 
and two stage common emitter and one stage conmon base transistor amplifiers, 
nie low frequency equivalent circuit that will be used in all three cases 
is shown in Fig. l(s). (For the single stage conmon emitter connection the 
reference of the controlled source will be reversed.) The parameters of this 
circuit will be related to the transistor pcurameters shown in Fig. 1(b). 

Typical values of the parameters are given in TIable 1. (For reduced sensitlvl'^ 
a series resistance is connected to the emitter making r.' > 100.) The 
design of the two stage amplifier Is shown In Fig. 2. 
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Figure 1. 
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The paraaetere of the circuit of Fig. l(a) are given In terms of 
those of Fig. l(h) In Table 2. In the 2 stage case Identical transistors 
are assumed, ^le resistance r^ Includes the emitter resistance and the 
external resistance In the eadtter lead. 
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CHAPTER 2 

REALIZATION ONE 


2-1. Summary of the Realization Technique 

The realization procediure considered In this Chapter Is that due to 
5 

Kuh. A structure of the form shown In Fig. 3 is assumed. 


I-1 



Figure 3 . 

Within the dashed lines Is an RC admittance Y which is to have the partial 

structure shown, Gj and the controlled voltage source can he replaced by 

their current source equivalent and the result takes the form of Fig. U. 

Each of the three conductances G., G„ and G. has been replaced by two in 

X d 5 

parallel. The structure within dashed lines is the equivalent circuit of 
an active device. Because of the reference of the controlled source, the 
device may be a one stage common base amplifier or a two stage conaon emitter 
amplifier. The double primed conductances are external to the active device, 
aex^s as the load. 


/ 
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be 


From Fig. 3 the transfer voltage ratio V^/V^ is routinely found to 



-ygi 

ygg + 1 - (g/Gj-l)Y 


( 1 ) 


where y^^^ and y^g refer to the RC two-port on the left and admittances have 
been normalized with respect to G^. Numerator and denominator of the given 
transfer function P/Q sure now divided by an auxiliary polynomial D(s) having 
only negative real roots and the resulting denominator is expanded in partial 
fractions. ISius, 




k s .«■ k 

00 o 


+ 


V ^i'° 


Vii2. 

\ 


( 2 ) 


(Actually Vd) is expanded ausd the result multiplied by s.) 

Note that the denominator of Eq. (l) is the difference of two RC admittances 
(assuBlng g/o^ > 1 , as evident from fCabla 1.) Equation (2) also has this 
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form. Bowver, om-to-one identlflcatloas eaaaot y«t aad* bctraca tteM 
two •xprestions since y 22 roots of D(s) because 

does. Hence, a tem 


k * 






Is added and subtracted In Eq. (2) leading to the Identifications 




(3) 


^22 ” 1 + It) + + 


For realizability ve require 


Z ki'8 ^ ■ •tj*)® 

2- ®l 


k>l-k lfk<l (k>0 otherwise) 

o o 

The constant k Is Introduced to give Y a nonzero d-c value, 
of 0^ and Og ere 


( 5 ) 

( 6 ) 

The values. 


®3 - "(.) 


'2 Y 




(•)‘^(o) 


frost which we find 


g - 0^ ■ k <f 




(7) 

( 8 ) 
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2 



( 10 ) 


2-2. Sensitivity Considerations 

The sensitivity of the transfer function to a parameter x Is defined 
as 


.H X 

“ 1 St 


(n) 


This Is a measure of the relative change of H due to a change In x. nie 
parameter x with which we shall concern ourselves Is that parameter of the 
active device which causes the greatest variation In the transfer function, 
^s parameter Is the a of the transistor. The emitter resistance is 
Inversely proportional to the base current so that It might be expected 
that this quantity will be dominemt. However, this variation can be 
reduced by Inserting a large enough external resistcuice In the emitter lead. 

By direct application of the definition of sensitivity to the parameters 
In the last two columns of Table 2 It Is foimd that of the four quantities 
g, G^, Gg and Gy the one having greatest sensitivity to variations In a Is 
g, by two orders of magnitude. In addition, the variation of the transfer 
function to changes In the conductances G^, G^, G^ (represented by the primed 
quantities In Fig. 4) can be reduced 11 the external conductances shunting 
these are large enough. Hence, the sensitivity which we shall take as a 
measure of the performance Is 

S 

Ani>3ylng the definition of sensitivity to Eq. (l) leads to 
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u 


M 4 \ ai 0 
OC 

^ 4 \ - 0 J - 1, 2, n (16) 

Using Bq. (13) for f these become 




(18) 

Inserting the first of these into the second and also into the 
constraint equation (lU) finally leads to 


n 



Ibese constitute a set of n 4 1 llnesjr equations in n 4 1 unknowns, 
X, and the n Vben the k^'s ars detenilned, Bq. (l^) will yield k. 

Ihe determinant of the set is 



12 



( 20 ) 

The last step is obtained by factoring by columns. Further simplification 
Is possible by subtracting each row from the preceding row up to the nth 
one, and then repeating with the columns. T3ie result becomes 



(21) 









13 


The value of the determinant is clearly zero for any order greater than 
three (l.e., n = 2). Furthermore, the rank is three, which indicates that 
of the n residues, n - 2 can be arbitrarily chosen. 

For the case n = 2 the solution for the k^'s becomes 

(a^ + w^) 



2 

2 _ 
1 ' 



(g - G^) 


( 22 ) 


k = 


" l '^2 


(g - G^) 


Thus, either k^ or k^ must be negative. Although this is a solution of 
the sensitivity minimization problem (for n = 2), it is of no value since 
the residues do not fall in the permissible domain restricted by condition 
(9). 


For n > 2, let the last n - 2 residues be chosen arbitrarily. It is 
conjectured that removing Eqs. 5 to n and solving for the first two 
residues will always lead to a negative one. Note that the determinant 
of the reduced set of equations will be the same for all n. Thus, for 
n = 5 the solutions for k^^ and kg are 


2 2 

* “ > , '”5 • V’S 

5 


(g - Gj)! 




(23) 


Assuming > a^, the factor (Og - will be positive. For the quantities 
in both square brackets to be positive will then require the condition 


- 5 — 




4 U 



(24) 


For this condition to be satisfied requires the term on the extreme right 
to be greater than the one on the extreme left. Hence, 


(25) 

one of the two 
satisfied, 
relative minimum 
domain, which is 
the variables 

k and the k^'s. Hence, the lowest value of f must occur on the boundary 
of the region. Thinking in terms of three dimensional space, restriction 
(6) defines the permissible domain as lying outside of the planes defined 
by ki > k^". The boundaries are the planes k^^ a k^^". If k^^, say, is 
held fixed at kj^" the other two variables can still vary over their 
permissible range. Bence, the minimum sensitivity will be souc^t by 
fixing each of the k^'s in turn to their minimum values and finding the 
conditions on the other k^'s for minimum sensitivity. This seems like an 
interminable process; however, the high degree of syoBrntry of the equations 
reduces the effort. Furthermore, since the rank of the determinant is thz«e— 


or 


"3 - “l "’3 - ”2 


« 2 < 


But this is contrary to the assumption > o^. Hence, 
residues will be negative and condition (6) will not be 
From the results so far obtained it appears that a 
of the function f does not exist within the ijermlsslble 
a region in the (n + l)-dimenslonal space consisting of 
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which means all but two of the k^'s in Eqs. (19) are to be arbitrarily 
specified, as already mentioned—and since one of these remaining two is 
also to be held fixed, there remains a set of two equations to solve in all 
cases. 

TSius, for n = 2 let be the larger of the two poles and let kg be 
held fixed. Then, Eqs. (l9) reduce to 


a, u 2 » 


1 jj _ 1 \ _ 

^5 *1 2 ^ 


2 2 

~2 5 

Og + » 


A 


'i * 


2 

02+“ 


^ + g - G 


( 26 ) 


Solving for k^^ leads to 


1 2/ 

1 + » /a.a 

= (g - G ) - k (- TtV) 

^ 1 + 


(27) 


Inserting this into the constraint eqxuitlon (lU) and solving for k leads 
to 


2 , 

via a - a 


2 2 
Og + » 


(28) 


Because Og was chosen as the larger of the two poles k will be positive. 
There are two cases to consider: (a) if in the original expansion in 
Eq. (2) k^ > 1, then the condition on k is k > 0; (b) if, on the other 
hand k^ < 1, then k > 1 - k^. In case (a) Eq. (26) shows that it will 
always be satisfied. In case (b) the requlronent becoews 
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1 


k < 


o 




1 ) 


(29) 


Turning back to Eq. (27), since the minimum value of k^^ Is k^", we 
can now write 

1 2, 

1 4 « /o,<J 

g - G - kg (- g \ -) > k ’’ (30) 

1 4 w /og 


This can be solved for kgj Inserting also the lower bound on kg leads to 

■1 2/ 2 
1 4 M /a 

k " < kg < (- X - " —) (g - G, - k/’) (31) 

It should be kept In mind that the k^'s cannot actually take on their 

minimum values since Eq. (6) requires the strict Inequality. Hence, the 

absolute minimum sensitivity cannot be achieved. However, It Is possible 

to come within any desired degree of the minimum. 

For n > 2 all but the first two are arbitrarily fixed (at 

values greater than their lower bounds) and the process Just carried 

out repeated. However, now when solving for k^ there will be additional 

terms of the form 
n 

- ^ * •"> 

1-3 

on the right side of the first of Bqs. (26) euid 

• i 

i-3 
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on the right aide of the second. The result will he to subtract from the 
solution for additional terms like the second one on the right in 
Eq. (27). Thus, 

2 2 
1 + » /o 0 1 + U /o 0 

k, = (g - G ) - k (-g — - k (-5-^) - . . . > k " 

^ 1 + M /Og ^ 1 + « /a^ 


(32) 


Again solving for k^ and inserting its lower bound leads to 


1 2/ 2 

1 + w /o 

kg" < k^ < (- g ) (g 


1 -I- w 


■/v 


1 + 


» /a, 

X c 


G - k " - k-=-g 

5 1 5 1 ^ „2/ 2 


1 . 


1 + 


2 / 

w /a^c 


% . 2/2 
1 + U /O)^ 


...) 


(53) 

This condition, of course, is much more difficult to interpret. 

Note that the expressions involving the k^^'s contain u as a parameter. 
When fixing values of the residues a specific value must be assigned to 
the frequency. An appropriate value might lie in the important frequency 
range determined by the imaginary parts of the poles of the transfer function. 

Up to this point it has been assimied that the poles, were fixed 
as well as the constant g - Gy As for the latter, note that the realizations 
will consist of either a single common base stage or a two-stage common 
emitter amplifier. The values for g - given in Table 1 for these two 
are approximately 1 and 4^, respectively. This constitutes a considerable 
spread. However, these are normalized valties with respect to the 0^ of 
amplifier, that Is, with respect to G^' In Fig. 4. It Is possible to get 
additional values of g - between 1 and 4^) 'by placing an external 
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conductance G^" in parallel with in the two stage case. The normaliz¬ 

ation will now he with respect to G^ = G^' 4 G^". Thus, suppose in a given 
case it is desired to have a normalized value of 20 for g - Gy A G^" 
satisfying the condition 



or 

G^" = .006^5 (r^** = 155 ohms) 

will be required. 

As for the poles, no conditions for their selection yet have been 
discussed. Attention is directed back to Eq. (ij). For a fixed set of poles 
and neglecting the constraint equation (9)> the smallest value of f will 
occur at a given frequency if each takes on its lowest possible value 
k^". Hence, to reduce the value of f we should reduce the values of k^^". 

But the k^"'s are those residues of Q(s)/d(s) which are negative. !niue, 
the poles are to be so chosen that the negative residues will be relatively 
small. 

One objection to the previous peuragrajdi is that the constraint 
equation (9) cannot be neglected. For a fixed g - Gy if some of the 
k^'s are small the others must be relatively large In order for their sian 
to be constant. However, as noted above, it is possible to vary the value 
of g - Oj between wide limits, so that there will be no objection to the 
attempt to make the negative residues as small as possible. 

Assuming the poles of the transfer function are all eoBqplex, the poles 
of leading to negative residues alternate with those leading positive 


I 
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residues. Q/D will have the form 



Yf ((s + 



( 3 ^) 


where the o^'s are ordered in increasing magnitude. 

lb achieve a residue of small size, it is desired that the numerator 
factors be small and the denominator factors be large, when evaluated at 
s = Nothing precise can be said on how to choose the to achieve 

this result. However, it is noted that a factor of the numerator will have 
its smallest value when a = a^^; that is, a root of D(s) is equal to 
the real part of a root of QCs). This choice will be most effective in 
reducing the residue if the corresponding imsiginary peirt of the root of Q 
is relatively small. However, it will be relatively ineffective when the 
imaginary part is large. The denominator factors will have large values 
if the are far apart. 

Thus, in choosing the roots of D(s) the guidlines are; 

1. Choose some roots - in the vicinity of the real parts of the 
, zeros of Q(s). 

2. Choose additional roots, between these, the one 

closest to the origin being 

3. Arrange the separation between a. emd o_ such that the 

in pn 

difference between adjacent ones is as large as possible. 

After the choice of the a^'s and the calculations of the residues of 


Q/D, the summation 
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is formed. (Assuming < 1; otherwise the term 1 - can be omitted.) 

This is the greatest lower bound of the right side of Eq. (9)- If this 
quantity is less than 1, then, according to Table 1, a single stage common 
base amplifier will be suitable as the active device. If this quantity 
lies between 1 and 450, a two stage common emitter amplifier csui be 
used. 

In the former case smaller values of the h^^'s can be used in Eq. (ij)* 
Hence, the sensitivity in this case will be smaller than in the case 
requiring a two stage common emitter amplifier. In this latter contingency, 
it is possible to Improve the sensitivity by choosing an external conductance 
in parallel with the 0^ of the amplifier, as previously discussed. 

However, note that the maximum value of the external conductance 
shunting 0^' is ygpCo)* Choosing the close to the kj^"'s will reduce 

y^gCo), its lower limit being 

- "o’ * Z ^ 

If the required external conductance is lees than this amount, then g - Oj 
can be reduced and the h^'s can be brought close to their minimum values. 

If not, there will be a limit below which g - Gj cannot be reduced and, 
hence, a limit to the degree in which all the mad® to approach 


their minimum values 
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2-3. Example 

The following transfer function was considered as an example. 

H(s) - ^— 

^ (s + s + 2) (s + 2s + 3) 


The poles are located at s = -.5 + Jl*32 and s = - 1 + Jl.^tl^^. Preliminary 
calculations based on the suggested guidelines lead to the choice 

D(s) = (s + 1) (s + 2) (s + 3) (e + 4) so that Eqs. (3) and (4) become 


♦ 7T1 * 


(56) 


^22 - k - -75.74^ t 


.. 6.42s ^ ^^1 - ^ 

S + 2 8 + 4 8 + 1 8 +3 


u = 2 Is chosen as the frequency to be used. It Is seen that 


1 - k + k," + k " = 9.41 > 1 
o 1 2 


Hence, a 2 stage realization Is required. From Eq. (31) with 0^ « 1, 
Og = 3^ hg" = 8 and k^^" = .666 it follows that 

8 < kg < 278 

Choosing kj^ ■ kg ■ 25 gives for k from Eq. (9) the value 
k - 4(^ 

With these values the sensitivity was calculated to be 

^ 1 - 


36.7 at IS - 2 


( 37 ) 
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No attempt was made to reduce the value of g - Gy Let us now make this 
attempt. 

Since kg" = 8, let us arbitrarily choose kg = 8.2, which Is close to 
Its minimum value. From Eq. (jO) it follows that 

g - G, > .666 + 8.2 * . “V^) > 25.3 

5 1 + «79 

at all frequencies. This will require an external conductance G^", whose 
maxlmxM value Is yg 2 ( 0 ). From Eq. ( 56 ) ygg = (o) = k - . 75 . Since k Is still 
unknown, It cannot be determined in an unambiguous way how Bmall to choose 
g - G^ and still be assured that ygg(O) will be large enough to permit the 
required G^^". Hence, we choose g - G^ to satisfy the requirement that It 
be greater than 25 . 3 , and then we compute the remaining parameters. If the 
required external conductance can be supplied by the resulting ygg, the task 
is complete; If not a larger value of g - G^ will be required. 

Let us choose g - G^ = 26. This requires an external conductance 

G^" = 2 ^ ' - 5 X lO"'^ = 1^.87 X 10”^ 

From Eq. ( 3 I) at « = 2 we find 

.666 < kg 

Choosing the highest value kg >= 12.8 leads from Eq. (9) to k « 3. 

Finally, the sensitivity is calculated to be 

jsP| - 1.5‘^ at » - 2 (38) 

Compcu:lng with Eq. (37) shows an Improvement in sensitivity by a factor 
of 24. 

Using the chosen values of the residues leads to the folXoirlag fluetloni 
for Y, ygg and yg^^. 
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Fig. 5 . 

Recall that an external conductance =4.87 x lO’^ Is required. Tlie 200 
ohm resistor (conducteince = 5 x 10 at the right can supply this conductance. 
The normalizing conductance will be 

Gi = G^' + G^" = .5 X lO'^ + 4.87 x lO"^ = 5.17 x lo"^ . 


To denormalize, all capacitances should be multiplied by this value and all 
resistances should be divided by this value. The complete structure (de¬ 



values in ohms and plcofazads 

Fig. 6. 



Zh 


CHAPTER 5 

REALIZATION TVO 


3-1. Siumnary of the Realization Technique 

3 ^ 

The second realization procedure to he considered Is due to Iforowitz^' . 
The desired structure Is shown in Fig. 7* ®ie specified function is a 



a 


Figure 7. 


b 


transfer impedance realized as a cascade of two 

networks, the left hand one being passive RC, the right hand one (inside 
the dashed lines) being active RC with the specific structure shown. If 
this structure can be achieved, the result can be redrawn as in Pig. 6. 

Each of the three conductances has been replaced by two in parallel. 

The structure within the dashed lines in this figure is the equivalent 
circ\iit of an active device. Because of the reference of the controlled 
source the device nay be a single cogmon emitter stage transistor auplifler, 
or a more extensive amplifier. The double primed conductors are external 
to the w^plifier. 
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The transfer Impedance of two cascaded networks can be written as 


2 

21 0(7) 


^21a ‘^21b 
''22a ^llb 


(J^o) 


where the subscripts refer to the a and b networks in Fig. ?• For a given 
rational function p/q, numerator and denominator are again divided by a 
polynomial D(s) of degree equal to that of Q(b) having negative real 
zeros only, and the resulting denominator is expanded in partial fractions, 
■nien, 



where a constant K < 1 has been added and subtracted. The quantity 
within the parentheses will be positive real (realizable as an RL Impedance) 
only if K is greater than the zero-frequency value of the remaining terms. 
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Since the maximum value of K Is 1, a fundamental limitation on the 
procedure is the fact that the zero frequency value of the sum of the terms 
having negative residues in Q/D must not exceed unity. 

The following identifications can now be made. 



where ^^^2 ^ ^1^2 ~ ^ wl'th 


Dj^{8) 


02(3) 



(s + 0 ^’) 
(s + a^) 




Thus z„, has the same poles as z.. emd z_,. has the same poles as z,,. . 
21a 22a 21b Ub 

The zeros are assigned to z ^.^^ and consistent with realizability. 

Horowitz^ considered transfer functions with zeros at infinity only. 
Balabanlan dlsucssed the incorporation of finite transmission zeros in 
the a network. The only restriction on the realizability of finite 
treuasmlselon zeros in either the a or the b network is the requirement 
that a transfer impedcmce and have no pole at infinite, 

since the corresponding driving point impedsmce ceuinot. Since a coiaplex 
pair of zeros cannot be separated, the assignment of such a pair of 
zeros to either network requires that the impedsmces of that network have 
at least two poles. For a biquadratic transfer function for example. 
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DCb) will have two roots and Q/D will have one positive residue and one 
negative one. Thus, both and z^^^ will have hut one pole. 

r, 2 

P s ■» cs d 
Q ” 2 

' s + as + b 


^ = r 
D (s 


s -f as -f b 




+ a. 




= (1 - K 


s + 0 . 


t) + (K 


8 + a. 


(»* 5 ) 


Assigning the complex pair of zeros to either of the networks will cause 
the corresponding transfer Impedance to have a pole at infinity. It Is 
still possible to overcome this difficulty by adding emd subtracting a 
term A/(8 + a^) to Eq. (45), after which the following Identifications 
can be made. 




8 + 0 , 


(46) 


now 


kj^ + A 
^Ub “ ^ ■ 8+0^ 

2 

8 + CS + d . 1 

*21a “ (s + o^' )(8 + o^) ' ^21b “ s + o^^ 


(47) 

(48) 


The realizability condition on K simply to make z^^ realizable Is 
K > B'^wever, to make the overall trsmsfer function realizable 

now requires K > (k^ + A)/i}^. 

A contemplation of higher order transfer functions quickly shows that 
the biquadratic is the only case in which the difficulty under discussion 
can arise. Thus, a biquadratic (with complex zeros and poles) will lead 
to a ^ function having two positive and two negative resldiws. So eadt 
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complex pair of zeros can be assigned to one of the two subnetworks. 

In the discussion following Eq. (Ul) It was Indicated that the 

2 

reallzablon procedure under discussion Is not general. Callahan, In 
considering the sensitivity minimization problem, has stated the following 
compact realizability condition. Let the transfer function have complex 
poles only smd let -s^ be the 1th pole In the second quadrant. Then, the 
condition for realizability is 


arg s 



(U9) 


That is, the sum of the angles made by the second quadrant poles with 
the negative real aucis should not exceed n/2 radians. Turning now to the 
detailed realization, routine analysis of the b network, shown again In Pig. 
leads to 


‘11 


^2 ~ ^llb 
«"llb - ^ 


“21b 


‘21 


«"llb - ^ 


(50) 

(51) 


9 , 


where the primed psu^uneters refer to the peu:t of the network within the 
box. Since z^.^ auad Z 22 ^ have the same poles, we see that z^' and 
also have the same poles, euid the transmission zeros of the part of the 
network in the box Is the same as the zeros of the overall b network. Thus, 
once z^' Is found, Zg^' is formed by giving It the same poles as z^j^' suid 
the zeros of k2ib* 

Since z^^ is an BL Impedance function a sketch of viU have 

the fbm shown in Fig. 10. From Bq. (^) it Is seen that the swob of 
s^' occur when Kg ■ s^^ and the poles of z^' occur when l/s * Xf 


Figure 10 


Rg >K 



or 





( 52 ) 



lib 


( 0 ) 


or 


8 > 



then the polea and zeros of z^' will be negative real^ they will alternate 
with Mch otheri and the one nearest the origin will be a pole. Hence, 
z..' will be an RC liq)edance. 
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The remainder of the realization consists of realizing the RC a and "b 
primed networks, given ^22&’ *21a ^11*' ^21*' ® straightforward 

task. Note from Eq. (50) that if a pole at infinity (which is 

permissible for an RL impedance), then z^' will be negative at infinity 
and hence will not be realizable. This is the reason for the original 
stipulation that D(s) be of the same degree as Q(s). 


3-2. Limitations Due to Transistor Ptoameters 

It remains to consider the limitations imposed by realizable values of 
transistor parameters. Note that for a given a g can be chosen to 

satisfy the restriction in Eq. (52). If the active device is to be a single 
common emitter stage, this value, together with the value in Table 1, will 
fix the admittance level. The normalizing conductance will be = .Ol/g ■ 
l/lOOg. Since the G^^, G^ and G^ conductances are to be the parallel combinations 
of the corresponding transistor conductances together with external conductances, 
they will be greater than the corresponding normalized transistor conductances. 


Ihus, 



(55) 


Gg > ^ - = 1.25 X lO'^g 

2 °o 


O3 > - - 7 X lO'^g 


( 5 »») 

(55) 


Sy combining the above condition on G^ with the conditions in 
Eq. ( 52 ) there results 
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or 


i:^|^<1.25xlO-5g<G,<^ 


z^^^(O) > 1.25 X 10”5 


(56) 


■nilB appears to be an extremely loose restriction. In fact using Eq. (Uj) 


for z,, the condition becomes 
LXo 


K > (l + 1.25 X lO'^) 




(57) 


Comparing this with the previous realizability conditions on K 

(K > ^ k^/a^) 


it is clear that the additional restriction for realizability in a 

single common emitter stage is negligible. The conclusion is that if 

the given function can be realized in the comtemplated structure at all, 

it can be realized with a single common emitter stage as far as the 

required g smd Gg are concerned. 

It still remains to discuss the restrictions on G. and G , the 

3 

shunt branches in the equivalent circuit. Note from Pig. 7 that these 
conductances sure within the primed b emd the a networks. Ihus, 


i^7(oT 


^2 ■ *llb^°^ 


(58) 




( 59 ) 
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Combining the first of these with Eq. (55) leads to 


gz (0) - 1 . 


For a fixed g the left side will take on its largest value if takes on 
its smallest value, which from Eq. (52) is *]^i^('*)’ Using this value in 
(6o) and rearranging leads to 

(1 + 7 X 10‘‘')Zjj^^(0) - 7 X lO'*^ > I 

It is always possible to satisfy this expression by adjusting g, provided 
the left hand side is positive. Thus, 




< 1^50 


Finally, combining Eq. (59) with (55) and (52) leads to the condition 




Using Eqs. (42) and (43) in this condition leads to 

-‘■LH-rt-U' 

or 

This is a stronger condition than the previous condition on K 
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Thus conditions (62) and (63) (or (61^)) consititute the restrictions 
that might prevent realizability with a single common emitter stage, 
assuming the given function is realizable in the contemplated structure. 

3-3- Effect of Reversing Transistor 

Consider the conflg\u*atlon shown in Pig. 11, which differs from that 
in Fig. 9 liy the position of relative "to the controlled source. Routine 



Figure 11. 


cuialysls yields for the double primed parameters of the network on the 
right 


z 


f9 

11 



Ub 
- 1 


(65) 


*2l" = (gRg ■ gss 


”21b 


11b 


-1 


ff 


( 66 ) 



3 ^ 


It is seen that Is the same as z^^' In Eq. (50) and that differs 

Zg^' In Eq. (51) 'by a multiplicative constant (gRg - l). As noted in Eq. 

(52), (gRg - 1) is a positive number. In the usual methods of realizing 
the passive RC networks, the realization is achieved to within a multiplicative 
gain constant anyway. Hence, the only difference in the two configurations 
will be the gain levels. 

Equations (58) and (59) can still be written but with and 
interchanged. The base and collector terminals of the transistor equivalent 
circuit will be interchanged. Ibus, from Eqs. (58) and (53) for the 
realizability of the new G^^ 


^2 ■ ^llb^°^ 


> .02g 


Again inserting the minimum value of Rg leads to 




This condition can be satisfied by varying g, provided the left side is 
positive. Thus, we require 



(69) 


IMs is to 'be compared with Eq. (62). The present condition on the 


realizability of G^ is more stringent than with transistor in the original 
position. 


Similarly, from Eqs. (59) and (53) for the realizability of the 


new 0^ we find 
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^22a 

^'llb 


( 0 ) 


10 


7 


(70) 


This is to be compared vflth Eq. ( 63 ). Using Eqs. (U2) and (U 3 ) for 

z,,, and z.. , this condition becomes 
11 b 22 a’ 


K>^^-.7«10-’‘ (71, 

This is to be compared with Eq. (64). The comparison indicates that the 
realizability condition on is less stringent with the transistor reversed. 
Thus, it appears that reversing the transistor causes the realizability 
condition on one of the shunt conductances to be tightened while that on 
the other conductance is released. If it is found that one or the other 
of the two conductances cannot be realized with the transistor in one 
configuration, a reversal might i>ermit realization. 

The realizability conditions and values of the parameters for the two 
single stage common emitter configurations are tabulated in Table 3 . 


3-4. Sensitivity Considerations 

In the last chapter we concerned ourselves with the sensitivity of the 
transfer function to changes of the peu:ameter g in the equivalent circuit 
of the active device. In the coxiflguration under discussion here, again 
there is the possibility of placing external conductemces in parallel with 
the Oj^, Og and 0 ^ conductances in the transistor equivalent circuit. %nce, 
the active device parameter whose variation will cause the greatest change 
in the response will be g. However, rather than discussing the sensitivity 
to g of the transfer function, we shall consider the sensitivl'^ of tlw 


Confiffiuration 1 


Base Terminal 
on Left 



Base Terminal 
on Right 


For realization 
of (base to 
emitter conductance) 


zrroTi 50 


'll''*"’ < 


For realization of 


(collector to 
emitter conductance) 










2 


2'm'"’ 




gz (O) - 1 


®*llb^^^ ~ ^ -!*• 1 -h 
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poles, 8^. In the case of the cascade negative Impedance converter method 
of synthesis It has been shown by Horowitz^ and Callahan that minimizing the 
one also minimizes the other. 

2 

In treating the problem of sensitivity minimization Callahan has 
written the In Eq. (4l) as follows. 





"22a * *^"llb 


(72) 


where the positive and ne^tlve residue terms have been grouped together 
and the coefficients of the highest power terms have been explicitly shown 
as A and B. k Is a fictitious parameter whose value Is 4l; It Is analogous 
to the NIC conversion ratio In those methods that use a negative Impedance 
converter. (Actually Callahan associated the k with the other term but 
the result Is the same.) By regrouping the terms Q(s) csui be written 


Q(s) - AQ^Dg + kBQgDj^ = AN^(s) + kBNg(s) (73) 

where and Ng are clearly polynomials with negative real zeros only. 
Letting -Sj^ be one of the zeros of Q(s) and (s + s^) one of Its factors, 
write 

Qfs) - (s + Sj^) Q'(s) (74) 

Equating the right sides of the last two expressions and solving for 
-s. leads to 

ANj^(b) + kBNg(B) 

■“i-Q’Til-* “ 

She sensitivity of -s^ to k can now be found as 


( 75 ) 
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-kBNgCs) 

d(jtnk5 ” Q'{s) 


B=-B 


1 


(76) 


Note that if k (whose nominal value is +1) is not introduced at all, and 
the pole sensitivity to the multiplier B of the polynomial Ng(s) is 
determined, the result will be the same as Eq. ( 76 ) (after setting k = l). 
'Diat is, 

«S **8 

Sg ^ = Sk ^ (77) 

■®i 

Callahan has shown that the minimum value of the magnitude of is 

obtained if all the zeros of both N^(s) and N 2 (s) are double and they 
alternate, the one closest to the origin being a zero of N^. Thus, 
for minimum pole sensitivity Q(s) has the form 

Q(s) = A(s+a,)^ (s+a„)^ ... (s+a )^ + B(B+b-)^ ... (s+b )^ 

(78) 

and there are an infinite number of such decompositions. Since Q/D 
is to be the sum of an RC and an RL Impedance, the polynomial D(8) must 
be 

0 ( 3 ) - (8+aj^)(8+a2) ... (8+aj^)(8+bj^)(8+b2) ... (a+'bj,) (79) 

and the two Impedances will be 

A( 8 +a^)( 8 +a 2 ) ... (s+a^) 

*22a “ (s+b^Ms+bg) ... (s+t^) 


( 80 ) 
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B(B+bj^)(8+bg) ... (s+bjij) 

*llb “ (s+a-)(8+a-) ... (8+a_,) 

X c n 



(81) 


It should be noted that B = which is the constant K used before. 

From here on K will be inserted for B. 

In Eq. ( 78 ) the two polynomials and Ng have the same number of 
double zeros. Callahan has also shown that there is a \mlque decomposition, 
having the same minimum sensitivity, which has the same form as Eq. ( 76 ) 
but in which has a double zero less than Ng. He refers to this as the 
"optimum decomposition." However, it can easily be seen that, although a 
polynomial QCs) can be decomposed in the stated form, the contemplated 
realization cannot be carried out. Thus, if the last factor in N^Cs) is 
missing, Zj^^^ in Eq. (81) will have a pole at infinity. Whereas this is 
permissible for an RL impedance, it will lead to an unrealizable as 

mentioned earlier. Hence, this optimum decomposition cannot be realized in 
the structure under discussion. 

But what is of greater significance is the observation that sensitivity 

minimization with respect to a peurameter k, which does not correspond to 

anything specific actually varying, does not give an adequate measure of the 

performance of the realization. Since g is the varying parameter, the 

*‘6 

significant sensitivity is S i. 

s 



To find the dependence of K( ■ ®9* ^50) that 


“U 


(o») 


Rg - K 
gK - 1 


(83) 



1^0 


or 


K 


Rg + z 


1 + gz 


U 

11 


•(oo) 

TO 


From the last expression we find 


(81*) 



TT’gz^JT^ 


Rg - K 
gRg- 1 


(85) 


The last step follows from Eq. (83). 

Finally, Inserting Eqs. ( 76 ), (77) and ( 85 ) Into (82) we find 



gK ( 


Rp - K 

_£_ ) 

gRg- 1 


N2(8) 


( 86 ) 


Recall that gR^ Is always greater than 1 and that R^ > K. Thus, It Is 
possible to make the sensitivity of the poles to variations In g as small 
as desired by choosing R^ sufficiently close to K. Furthermore, this 
can be done regardless of previous minimization of -Sj^ with respect to 
changes In K. 

Hence, It appears that any effort expended on obtaining a decomposition 
that minimizes the sensitivity to K can be saved, since the minimization of 
the sensitivity to g can be achieved by proper choice of Rg. Hbwever, the 
closer that Rg is chosen to K to minimize sensitivity to g, the smaller 
iflU be the external conductance shunting it. The benefits of reduced 
sensitivity to variations in Qg will be diminished. Hence, it may often 
be of value to obtain the Callahtui decomposition first so that a greater 



margin In the choice of will he available for the same sensitivity. 
(However, the Callahan decomposition so obtained may not be realizable 
In a single stage, as illustrated below.) 


3-5. Examples 

It should be noted at the outset that for a biquadratic transfer function 
with complex zeros the Callahan decomposition is not realizable. Ilils is 
clear from Eqs. (80) and (81) which show that both Zj^^b *22a 
bilinear functions and there will be no way to assign the complex zeros 
to either z^^ or z^^^. 

Consider the transfer impedance 


z 


21 



2 

6 + S + 


4 


(s^ + 2 b + 2)(s^ 


+ 73 ^+ 1 ) 


(87) 


Q(b) satisfies the angle condition in Eq. (49) and so this fimctlon is realiz- 
2 

able. Callahan has given the optimum decomposition of Q(s) and a decomposition 
in the form of Eq. (78) as follows 


Q(s) = 0.026(s+.857)^(8+10.l)^+.974(s+.l)^(e+1.5l)^ 

( 88 ) 

Both lead to the minimum pole sensitivity as defined by Callahan. 

- .714 (89) 


As already pointed out, the optimum decomposition ceuinot be realized by 
the structure under consideration. 



As for the decomposition In Eq. (88) It leads to the functions 




. .026 (s .8yr) (■ ^10-1) 
*22a (8 + .1) ( 8 + 1 . 51 ) 


( 90 ) 

( 91 ) 


To see If these functions are realizable In a single stage we apply the 
conditions In Table 3* The importemt values are 


z^^(oo) . .9714. ^a2a^"^ “ 

Ziib(O) - .017 ’'22a^®^ * 

For the transistor In conflgxiratlon 1 ve find that, vhereas cem be 

realized, cannot. With the transistor reversed we find that again 

G, can be realized but not G,. Hence, this decomposition Is not 
3 1 

realizable In a single comnon emitter stage. 

Note that although ( 69 ) Is not satisfied, the violation Is not very 
great since ■ 57* If It Is possible to Increase 

without at the same time modifying the remaining values significantly, 

It may be possible to achieve a realization. With this thought as guide, 
the following was obtained. 

Q(s) (e^+2s+2)(8^+/3B+l) 

dtIt" ( 5; to $^ Ti v:Ws4i75y(syii i 


S+.05 



(.905 


.042 

8+.83 



( 92 ) 


015 + 


From which we find 


z 


llh 


.985 


•0^2 9-9^ , .985(s ^ .19t^)(B 4 1.512) 

s + .85 B + 11 (s + .85K8 + 11) 

(93) 


®22a 


.015 + 


.1177 

S+.05 



B 


.015 (s 4 .86 )(b 4 p .l6) 
(s + .05 )(b + 1.6) 


(9M 


The infinite and zero frequency values are foxmd to he 


Zii^(O) = .0305 ^22a^“^ “ 



.985 




From these values it is seen from Table 5 that conditions on both 

and in configuration 2 are satisfied. Hence, a single stage realization 

is possible. 

Turning to the sensitivity, from Eqs. ( 76 ) and (77) it is found 

that 

which is only three percent greater -than the Callaheui minimum. However, 
from Bq. (86) the sensitivity of the same pole to g is 

I “ (l.03)(l.Wf) g (96) 

From Table 3 we find that g must be chosen greater than 33 . However, the 
condition on 0^^ from Table 3 Been to be 




rl+Jll Q5 X 1.44 


(95) 



l^4 


G 


1 


• 030 ^ - 3 - 
Rg - -0305 


> .02g 


Since the mlnlmian value of is .985> the denominator of this expression 
can be In the neighborhood of 1. Hence, we find g > ICX) Is required. 
Choose g = 150, Rg = 1.0305. With these choices, the pole sensitivity 
becomes 


g 


= (.046) (1.44) 


(97) 


which Is less than 5 percent of the Callahan sensitivity. 
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